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Abstract
For A ∈ Mn(C), Aut(A), the congruential automorphism group of A, is the set of all non-
singular C ∈ Mn(C) such that C∗AC = A. Here, the A for which Aut(A) is bounded are
described, and this allows the characterization of pairs A, B for which the set of matrices
carrying the congruence of A to B is compact. This characterization is in terms of non-singular
unitoid matrices in which certain configurations of canonical angles are forbidden.
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1. Introduction
For A,B ∈ Mn(C), or Mn for short, B is said to be congruent to A, B ∼=A, if
there is a non-singular C ∈ Mn such that B = C∗AC. (Clearly, congruence is an
equivalence relation on Mn.) If B is congruent to A, denote the set of all such C by
C(A,B). Of course, A is congruent to A and we denote the set C(A,A) by Aut(A),
the (congruential) automorphism group of A.
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The set C(A,B) is called bounded if there is a constant M and a matrix norm
‖ · ‖ such that ‖C‖  M for all C ∈ C(A,B). A simple calculation shows that for
C ∈ Mn non-singular
Aut(C∗AC) = C−1Aut(A)C,
so that Aut(A) is bounded if and only if Aut(B) is bounded for every B in the con-
gruential equivalence class of A. It is equally easily seen that if C0 ∈ C(A,B), then
C(A,B) = Aut(A)C0 = C0Aut(B) = Aut(A)C0Aut(B).
It follows that C(A,B) is bounded if and only if Aut(A) is bounded. In this event,
as we will show, Aut(A), and thus C(A,B), is also compact.
Our principal interest here lay in characterizing those A ∈ Mn whose automor-
phism groups are bounded (and, thus, pairs A,B ∈ Mn for which C(A,B) is com-
pact). In the process we give a structural description of automorphism groups. It is
known for Hermitian matrices A that Aut(A) is bounded if and only if A is definite
and this will be a special case of our results.
Recall [5] that A ∈ Mn is called unitoid if A is diagonalizable by congruence.
Equivalently,
A∼=
[
U 0
0 0
]
,
in which
U =


eiθ1 0
.
.
.
0 eiθk

 ,
k  0, 0  θ1  θ2  · · ·  θk < 2π, and the 0 direct summand may be empty. The
angles θ1, . . . , θk are called canonical and were shown to be a congruential invariant
of A in [5]; the n − k 0’s are called degenerate canonical angles and their number
is also a congruential invariant. It is convenient here to also define canonical lines
for a non-singular unitoid matrix. They are a minimal set of lines through the or-
igin that cover all the canonical angles. For example, if the canonical angles are:
0, 0, π4 ,
π
2 ,
5π
4 ,
5π
4 , then there are three canonical lines.
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Note that a canonical line may include one or two distinct canonical angles, which,
themselves, may occur multiply. It will be important whether a canonical line in-
cludes canonical angles in both directions (θ, θ + π) (whether or not the angles are
multiple) or not. We call a canonical line simple if it has canonical angles in only
one direction, otherwise it is non-simple (two directions). Similarly, if all canonical
lines of a non-singular unitoid matrix are simple, we call the unitoid matrix simple
and otherwise (at least one canonical line non-simple) non-simple.
2. Automorphism groups of singular matrices
Lemma 1. Let A ∈ Mn be a singular matrix. Then Aut(A) is unbounded.
Proof. For the proof we consider two exhaustive possibilities.
Case 1. There is a non-singular C ∈ Mn such that
A′ = C∗AC =
[
0 0
0 B
]
(1)
for some B ∈ Mn−1. Clearly, for any r ∈ N, [r] ⊕ In−1 ∈ Aut(A′). Then, Aut(A′)
(and, thus, Aut(A)) is unbounded.
Case 2. The matrix A is not congruent to a matrix of the form (1). According to
[2, Lemma 8], A is congruent to a matrix A′ with exactly n − rank A eigenvalues
equal to 0. Then, by Schur’s triangularization theorem, there is a unitary U ∈ Mn
such that
A′′ = U∗A′U =
[
0 A12
0 A22
]
,
with A22 ∈ Mrank A non-singular. Let P1 ∈ Mn−rank A and Q1 ∈ Mrank A be non-
singular matrices such that P ∗1 A12Q1 =
[
In−rank A 0
]
. Note that, because A is
not congruent to a matrix of the form [0] ⊕ B, then n  2 rank A and rank A12 =
n − rank A. Then A′′ is congruent to
A′′′ =
[
P ∗1 0
0 Q∗1
]
A′′
[
P1 0
0 Q1
]
=

0k Ik 00 X1 X2
0 Y1 Y2

 ,
with [
X1 X2
Y1 Y2
]
∈ Mrank A
non-singular, X1 ∈ Mk, k = n − rank A.
If n = 2 rank A (in this case the blocks Y1, X2 and Y2 are empty), for r ∈ N let
Cr =
[
rIk rX
∗
1 − 1r X∗1
0 1
r
Ik
]
.
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If n < 2 rank A and the block Y2 is singular, let V ∈ Mn−2k,k be a non-zero ma-
trix such that V ∗Y2 = 0. For r ∈ N, let Q3 = rV , Q2 = −Q∗3Y ∗2 , Q1 = −Y ∗1 Q3 −
Q∗3X∗2 − Q∗3Y ∗2 Q3 and
Cr =

Ik Q1 Q20 Ik 0
0 Q3 In−2k

 .
If n < 2 rank A and the block Y2 is non-singular, for r ∈ N let Q3 = r−1r
(
Y−12
)∗
X∗2,
Q2 = (r − 1)Y ∗1 − rQ∗3Y ∗2 , Q1 =
(
r − 1
r
)
X∗1 − Y ∗1 Q3 − Q∗3X∗2 − rQ∗3Y ∗2 Q3 and
Cr =

rIk Q1 Q20 1
r
Ik 0
0 Q3 In−2k

 .
In any case, a partitioned calculation shows that for each r ∈ N, Cr ∈ Aut(A′′′).
Therefore, Aut(A′′′) (and, thus, Aut(A)) is unbounded. 
3. Automorphism groups of non-singular non-unitoid matrices
First, a direct calculation verifies the following.
Proposition 2. Let A ∈ Mn be a non-singular matrix. Then A−1A∗ ∈ Aut(A).
In [1] it was shown that a non-singular matrix A ∈ Mn is congruent to a normal
matrix if and only if A−1A∗ is similar to a unitary matrix. Because B ∈ Mn is unitoid
if and only if it is congruent to a normal matrix, this result can now be stated as
follows.
Lemma 3. Let A ∈ Mn be a non-singular matrix. Then A is unitoid if and only if
A−1A∗ is similar to a unitary matrix.
A calculation shows that if A ∈ Mn is non-singular and unitoid with canonical
angles θ1, . . . , θn, then the arguments of the eigenvalues (necessarily on the unit cir-
cle) of A−1A∗ are −2θ1, . . . ,−2θn. Therefore the canonical lines of A are uniquely
determined by the eigenvalues of A−1A∗, though the canonical angles are not.
Lemma 4. Let A ∈ Mn be a non-singular non-unitoid matrix. Then Aut(A) is un-
bounded.
Proof. By Proposition 2, A−1A∗ ∈ Aut(A). Let B ∈ Mn be that matrix similar to
A−1A∗ in Jordan canonical form. Since, by Lemma 3, A−1A∗ is not similar to a
unitary matrix, then either B has a Jordan block of size at least 2 or there is a non-unit
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modulus eigenvalue of B, in which case, because det(B) is unit modulus, there is an
eigenvalue of B with modulus greater than 1. In either case, a calculation shows that
the subgroup generated by B is unbounded. Then the subgroup of Aut(A) generated
by A−1A∗ is also unbounded. 
4. Decomposition of automorphism groups of unitoid matrices
We begin with two easily verified propositions.
Proposition 5. If A = diag(1,−1) then, for each r ∈ N,
Cr =
[√
1 + r2 r
r
√
1 + r2
]
∈ Aut(A),
so that Aut(A) is unbounded.
Proposition 6. Aut(In) is the group of n-by-n unitary matrices.
Notice that, for A ∈ Mn, Aut(A) = Aut(αA), for any α ∈ C \ {0}.
Now we prove a lemma preparatory to the description of the structure of auto-
morphism groups of non-singular unitoid matrices.
Lemma 7. Let B1 ∈ Mk1 , B2 ∈ Mk2 and C2 ∈ Mk2 be Hermitian matrices and as-
sume that B1 and C2 are non-singular. Let A = B1 ⊕ (B2 + iC2) . Then
Aut(A) = {R1 ⊕ R2 : R1 ∈ Aut(B1) and R2 ∈ Aut (B2 + iC2)} .
Proof. Let H(A) = B1 ⊕ B2 and S(A) = 0k1 ⊕ C2. Note that H(A) = (A + A∗)/2
and iS(A) = (A − A∗)/2, the Hermitian and skew-Hermitian parts of A. Clearly,
R ∈ Aut(A) if and only if R ∈ Aut(xH(A) + yS(A)) for every x, y ∈ C. A parti-
tioned calculation shows that if P,Q ∈ Mn, n = k1 + k2, are non-singular matrices
such that
P(xH(A) + yS(A)) = (xH(A) + yS(A))Q
for every x, y ∈ C, then P = P1 ⊕ P2 and Q = Q1 ⊕ Q2, for some P1,Q1 ∈ Mk1
and P2,Q2 ∈ Mk2 . Thus, if R ∈ Aut(A), R = R1 ⊕ R2, for some R1 ∈ Mk1 and
R2 ∈ Mk2 . Clearly, R1 ∈ Aut(B1) and R2 ∈ Aut(B2 + iC2). The reverse inclusion
is immediate. 
For a non-singular unitoid matrix we may now see that the automorphism group
naturally decomposes (via a fixed similarity) into a direct sum “along canonical
lines”.
296 S. Furtado, C.R. Johnson / Linear Algebra and its Applications 376 (2004) 291–298
Lemma 8. Let A ∈ Mn be a non-singular diagonal matrix, with A = A1 ⊕ · · · ⊕
Ak, in which Ai has just one canonical line, i = 1, . . . , k, and the canonical lines
of Ai and Aj , i /= j, are distinct. Then Aut(A) = Aut(A1) ⊕ · · · ⊕ Aut(Ak). Thus,
if B is a non-singular unitoid matrix, Aut(B) is, up to a similarity, a direct sum of
automorphism groups, one for each canonical line.
Proof. Because for each block Ai there is λi ∈ C\{0} such that λiAi is Hermitian,
by a possible multiplication of A by a non-zero scalar, suppose, without loss of
generality, that A1 is Hermitian. We will prove by induction on k that Aut(A) =
Aut(A1) ⊕ · · · ⊕ Aut(Ak). Since no principal entry of the diagonal matrix A2 ⊕
· · · ⊕ Ak lies on the canonical line of A1 (the real axis), the skew-Hermitian part
of A2 ⊕ · · · ⊕ Ak is non-singular and, by Lemma 7,
Aut(A) = {R1 ⊕ R2 : R1 ∈ Aut(A1) and R2 ∈ Aut(A2 ⊕ · · · ⊕ Ak)} .
If k = 2 the proof is complete. If k > 2, according to the induction hypothesis,
Aut(A2 ⊕ · · · ⊕ Ak) = {R2 ⊕ · · · ⊕ Rk : Ri ∈ Aut(Ai), i = 2, . . . , n} .
The statement about non-singular unitoid B follows because there is a non-singular
C such that C∗BC is a diagonal matrix A, with the form described in the lemma,
and because Aut(B) = CAut(A)C−1. 
Because of Lemma 8, if A ∈ Mn is a non-singular unitoid matrix, Aut(A) is
uniformly similar to a direct sum of automorphism groups corresponding to the
diagonal unitary blocks B associated with the canonical lines. (We say that two
groups G1,G2 ⊂ Mn are uniformly similar if there is a non-singular P ∈ Mn such
that {PRP−1 : R ∈ G1} = G2.) If A is simple then each of these blocks B is a scalar
matrix and, according to Proposition 6, Aut(B) is the full unitary group of appropri-
ate size, so that Aut(A) is uniformly similar to a direct sum of unitary groups, each
of which corresponds to a canonical line. In particular, if all the canonical angles
for the simple A are distinct, Aut(A) is uniformly similar to the group of diagonal
unitary matrices. If A is non-simple there is a block B such that, up to a permutation,
Aut(B) contains I ⊕ Aut(C), with
C =
[
1 0
0 −1
]
.
By Proposition 5, Aut(B) (and, thus, Aut(A)) is unbounded.
From the discussion above we have the following lemma.
Lemma 9. Let A ∈ Mn be a non-singular unitoid matrix. Then Aut(A) is bounded
if and only if A is simple.
A non-singular Hermitian matrix has just one canonical line and it is definite if
and only if this canonical line is simple. As a consequence of Lemma 9, we have the
known result for non-singular Hermitian matrices.
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Corollary 10. Let A ∈ Mn be a Hermitian non-singular matrix. Then Aut(A) is
bounded if and only if A is positive definite or negative definite.
For completeness, we note that if A ∈ Mn is a singular unitoid matrix then the
structure of Aut(A) is remarkably different. In fact, if C ∈ Mn is a non-singular
matrix such that
A′ = C∗AC =
[
0 0
0 U
]
,
with U ∈ Mrank A (non-singular) unitoid, then Aut(A) = CAut(A′)C−1 and Aut(A′)
is the group of matrices of the form[
Q11 Q12
0 Q22
]
,
in which Q11 ∈ Mn−rank A is arbitrary non-singular, Q12 ∈ Mn−rank A,rank A is arbi-
trary and Q22 is any element of Aut(U).
5. General result
The following theorem is our main result. It follows from Lemmas 1, 4 and 9.
Theorem 11. Let A ∈ Mn. The group Aut(A) is bounded if and only if A is non-
singular, unitoid and no two canonical angles for A differ by π.
If A ∈ Mn is a simple unitoid matrix, Aut(A) is not only bounded, but, as it is
uniformly similar to a direct sum of unitary groups (a subgroup of the n-by-n unitary
group), it is compact. Then, because of the description of C(A,B) in the introduc-
tion, C(A,B) is compact. We have
Corollary 12. Suppose that A and B ∈ Mn are congruent. Then C(A,B) is com-
pact if and only if A is a simple unitoid matrix.
6. Automorphism groups after perturbations
Suppose that A ∈ Mn is such that 0 is not in the field of values of A (F(A),
for short). Then there is a neighborhood of A in which any matrix B is such that
Aut(B) is bounded. In fact, by continuity, there is a neighborhood of A,V(A), such
that 0 is not in the field of values of any matrix in V(A) (therefore, any matrix
in V(A) is unitoid [1]). Since all the canonical angles of A lie in the direction of
F(A), any matrix in V(A) is simple. Thus, by Theorem 11, Aut(B) is bounded
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for all B ∈V(A). The more general result that the matrices A for which Aut(A) is
bounded form an open set follows from the recent result in [3].
If A ∈ Mn is such that Aut(A) is unbounded then it may happen that in any neigh-
borhood of A there are matrices whose automorphism groups are bounded. This
is not true for every A with unbounded automorphism group, but it is for unitoid
matrices with unbounded automorphism groups.
Example 1. Let A = diag(1,−1). Clearly, A is non-simple unitoid and Aut(A) is
unbounded. For ε > 0,
A′ε =
[
1 + εi 0
0 −1
]
is unitoid and simple and, thus, Aut(A′ε) is bounded. Note also that
A′′ε =
[
1 ε
0 −1
]
is non-unitoid and, thus, Aut(A′′ε ) is unbounded.
Example 2. Let
A =
[
1 3
0 1
]
.
A calculation shows that the eigenvalues of A−1A∗ are non-unit modulus. There-
fore, by continuity, there is a neighborhood of A, V(A), in which each matrix B
is such that the eigenvalues of B−1B∗ are non-unit modulus. Thus, for B ∈V(A),
B−1B∗ is not similar to a unitary matrix. By Lemma 3, each B ∈V(A) is non-
unitoid and, according to Theorem 11, Aut(B) is unbounded.
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